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0.1 T-model structure

T-structure 0 00 000000 O OGelifant/Manni 0 0 O index O cochain comple
Omodel 0O0O0OO0DOO0D0OODOOODODO chain complex 0 model DO OO OO

Remmark 0.1.1

D O triangulated category 00000000 t-structure 0 0 D O strictry full sub-
category 00 (D<y, D) 0000000000000000000OD;,, = [n](Dx), D<, =
[n](D<o) 0000

1. 0 Dy is closed under [1] and D« is closed under [—1]
0D000Ds, CDsy , Do C Dy
2.0000 XeDOOOO
A— X — B — A[1]
O triangle O AGD;O, BeD< 00000000000
3. 0000 X €Dsy, Y €D<_y 0000 Homp(X,Y) =0
Definition 0.1.2

H, = 1<oT>0l-n]: D — A

O0O000nO homology functor DD DO OOOFE € A00O0DO
H"(—;E) =Hom(—, E[n]) : D — Ab
O000O0OFODOODOO0O nO cohomology functor 00O OO0 OOOO
X —Y —7Z— X[
O triangle 00O 00O
s Ho(X) — Hy (V) — Ho(Z) — Hoo1(X) — -
.— H"(X;E) — H"(Y;E) — H"(Z;F) — H""Y(X;E) — - ..

Oexact OO OO



Definition 0.1.3

M O pointed model category 000000 f € Homy, (X,Y) OO O O functorial
factorization O O O O
f:x-5z%%y

O000000000¢0 cofibration d p O acyclic fibration 0 0000000040
cofiber O hocofibf D0 OO0 OO000OOHo(M) O pre-triangulated category O

oad
v(f)

X — Y — hocofibf
0 Ho(M)OOODO cofiber sequence 00000000
fox 1z %y

O 7 O acyclic cofibration O ¢ O fibration D0 00000 OO OO Kerg = hofibf O
goooooon
hofibf — x 2y

O fiber sequence O O OO
Remmark 0.1.4
M O stable model category 0000000 f € Mor(M) 00U Ohocofibf =

Shofibf 0000

proof) O O stable model category 0 O 0 Ho(M )OO OO fiber sequence O cofiber
sequence 1 0 OO OOOO

hofibf — X — Y — hocofib f

O triangle 00O ODOO0O

Definition 0.1.5

M O stable model category 0 OO D = Ho(M) O t-structure 0 O O triangulated
category UO OO ODOOOO

MEZE" = (X e M |3y ePZE"0 st0 X ~ Y}
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000 MO full subcategory 00000000 DOO locarization O v : M —
Ho(M)=DOOO0OOy(M=E&") =p=Er 0000

ME2°000000 MO tstructure 0 000000000 DE@0OgO0000n
D00000D00000000MOO triangle 0000000000000000
0ooooo

Remmark 0.1.6
1. 0 M> (<), is closed under X(9)
2. 0 X € Ms (<, <= Q"X € M>(<)q
3.0 X € M>y,Y € Mc_; 0000 Homy (X,Y) =0

4. 0 M> <y, is closed under retract

proof) 00 (1)0(2) 000000000000 (3) 0 Homp(X,Y) = 00000
Homp(X,Y) O Homy, (X,Y) O weak equivalence O inverce 01000000000
O0000000Homy(X,Y)=000004)0O 'Dz(g)n[] retract OO QO QOO

gooooo
O

Definition 0.1.7

M O stable model category 0 0 0D = Ho(M) O t-structure 0 0 O triangulated
category 0 0D OO QO QOOO

Wy, = {f € Mor(M) | hofibf € M>,} = {f € Mor(M) | hocofibf € M>,,,,}

coW,, = {f € Mor(M) | hocofibf € Mc, } = {f € Mor(M) | hofibf € M<,,_,}

00 00O class of (co)n-equivalence 0 0O O O
Example 0.1.8

M =Chr000000Ho(M) = D(Modg) 00O t-structure 0 0 O triangulated
category U 0 O O

W, = {f € Homp; (X,Y) | (fm)s : Hn(X) — Hp(Y)Om<nO0000 m=n0000000)

coWp, ={f € Homy(X,Y) | (fm)s : Hn(X) — H,,(Y)Om>nO0000m=n0000000}



Example 0.1.9

M = 80 category of specrta 0 00 0O OO Ho(M) O Postnikov t-structure O O
O triangulated category 0000 O0O0O0ODO

Wy, ={f €e Hompy (X, Y) | (fm)s : (X)) — 1 (Y)O m <nO0000m=n0000000}
coWy,, = {f € Hompy (X, Y) | (fm)s : m(X) — 7 (Y)Om >n0000m=n0000000}
Lemma 0.1.10

1. O W, is closed under X , and coW,, is closed under 2
2. 0W,cw,_.0000coW,_1 C coW,

3. O weak equivalence 0 0 0 0 O O n-equivalence 0 O O O O O co-n-equivalence
Oooooooooooo

4. O W, coW,, are closed under retract

proof) 00 (1)0 f: X — Y O cofiber sequence 0 0 0 00O
X LY — hocofibf — £X =L SV — S(hocofibf) = hocofib(E f)

O triangle i n DOOODDOOOO0O0OOODOOODODOOOO Dy, 02000000
oooooo(uooo D, cD,, 0000

(3)0 f:X —YOOOOOOO
X L.y — hocofibf — BX

O D00 triangle 00000 DO t-structure O triangulated homology O 0 0 OO
00000000000 O0000000 object00O0OODOOOODOOOOOH,DO
goooo

H,(X)— H,(Y) — Hp(hocofibf) — H,_1(X) — H,_1(Y)
Oexactin ADO0OO0O0O0O0OO fO weak equivalence 0 000000

fo: Ho(X) — H.(Y)
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O isomorphisc 0D O0O0D0O0OO0D0OODOOOODOODO fO weak equivalence 0 0O 0O
00000 H,(hocofibf) = 000 00hocofibf € D>,,,1 ND<, OOOOODOfO
n-equivalence 00 0 co-n-equivalence 00 0000000000 DOOODOO

40 f: X —YeW,OO0OOretract 000000000

A - X - A
g f g
v v
B Y ~ B

Y Y

hocofibg ------ » hocofibf ------ » hocofibg

goood
hocofibg — hocofibf — hocofibg

00000000000 O0000000hhocofib : Mor(M) — M O functor 0 O O
0000000000000 000000hocofibg O hocofibf O retract 0 0 00O
000000000 hocofibf € Ms,,; 00000Ms,,, 0 retract 0000000

goooo
O

Lemma 0.1.11

M O stable model category 0 0 O D = Ho(M) O t-structure 0 0O O triangulated
category 0100000000 f € Homp (X,Y) , g € Homy(Y,Z) 0000

1. 0 f,g€(coW,,O000OOgo f € (co)W,
2.0 fe(co)lWp_1, gof€(co)W,,0OOOg € (co)W,

3. 0g€ (co)lWyy1, gof€(co)W, 0000 f € (co)W,

proof) O O octahedral axiom 0 O O

hocofib f — hocofib(g o f) — hocofibg — X(hocofibf)



O triangle 0 DOOOOO0ODOOOOOOOOOO0O0OOODOOOO0OODOOOO
oboooboooobooboooooooon
O

Lemma 0.1.12

M O stable model category 0 0 0D = Ho(M) O t-structure 0 O O triangulated
category 0 0 0 000000 Wy, (co)W,, are closed under based changes along fi-

brations and cobased changes along cofibrations.
Theorem 0.1.13

M O stable model category 0 0 0D = Ho(M) O t-structure 0 0 O triangulated
category 000000000, Wy, O class of weak equivalence 1 00000 OO0
0000 feHomy(X,Y)OOOOOOOOOOOOOO

1. O f 0O weak equivalence 0 0 0O
2. 0 H.(f): H(X) — H.(Y) O isomorphism in core of D

3.0 H*(f): H*(Y; E) — H*(X; E) O isomorphism for all E in core of D



